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ÂÎËÜÒÅÐÐÎÂÛÕ ÎÏÅÐÀÒÎÐÍÛÕ ÓÐÀÂÍÅÍÈÉ È ÈÕ ÏÐÈÌÅÍÅÍÈÅ Â

ÒÅÎÐÈÈ ÐÀÑÏÐÅÄÅËÅÍÍÛÕ ÓÏÐÀÂËßÅÌÛÕ ÑÈÑÒÅÌ 1
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Êëþ÷åâûå ñëîâà: âîëüòåððîâû îïåðàòîðíûå óðàâíåíèÿ; óñëîâèÿ ñîõðàíåíèÿ ãëîáàëüíîé ðàçðåøèìîñòè.
Àííîòàöèÿ: Äàåòñÿ îáçîð ïîëó÷åííûõ àâòîðàìè äîñòàòî÷íûõ óñëîâèé ñîõðàíåíèÿ ãëîáàëüíîé ðàçðå-

øèìîñòè âîëüòåððîâûõ îïåðàòîðíûõ óðàâíåíèé, à òàêæå âîçìîæíîñòåé èõ êîíêðåòíîãî ïðèìåíåíèÿ ê
ðàçëè÷íûì óïðàâëÿåìûì íà÷àëüíî-êðàåâûì çàäà÷àì äëÿ íåëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè.

Â [1] áûëî ïðåäëîæåíî äëÿ èçó÷åíèÿ ðàñïðåäåëåííûõ îïòèìèçàöèîííûõ çàäà÷ èñïîëüçîâàòü
ôóíêöèîíàëüíûå óðàâíåíèÿ âèäà

z(t) = f(t, A[z](t), v(t)), t ∈ Π ⊂ Rn, z ∈ Lm
p ≡ (Lp(Π))m , (1)

ãäå f(., ., .) : Π×Rl×Rs → Rm, v(.) : Π → Rs � óïðàâëÿþùàÿ ôóíêöèÿ, A[.] : Lm
p → Ll

q � îïåðà-
òîð, âîëüòåððîâ íà íåêîòîðîé ñèñòåìå T èçìåðèìûõ ïîäìíîæåñòâ Π â òîì ñìûñëå, ÷òî ∀H ∈ T
çíà÷åíèÿ A[z](t), t ∈ H, íå çàâèñÿò îò çíà÷åíèé z(t), t ∈ Π\H. Ïðèâåäåííîå îïðåäåëåíèå [1] âîëü-
òåððîâîñòè ôóíêöèîíàëüíîãî îïåðàòîðà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ìíîãîìåðíûì îáîáùåíèåì
èçâåñòíîãî îïðåäåëåíèÿ À.Í. Òèõîíîâà ôóíêöèîíàëüíîãî îïåðàòîðà òèïà Âîëüòåððà è îçíà÷àåò,
÷òî ∀H ∈ T PHA = PHAPH , ãäå PH � îïåðàòîð óìíîæåíèÿ íà õàðàêòåðèñòè÷åñêóþ ôóíêöèþ
ìíîæåñòâà H ⊂ Π. Ìíîæåñòâà H ∈ T ïðè ýòîì åñòåñòâåííî íàçâàòü âîëüòåððîâûìè ìíîæå-
ñòâàìè ôóíêöèîíàëüíîãî îïåðàòîðà A. Ôîðìà (1) óäîáíà â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ,
âî-ïåðâûõ, ââèäó òîãî, ÷òî ê íåé åñòåñòâåííûì îáðàçîì ïðèâîäÿòñÿ ðàçíîîáðàçíûå óïðàâëÿåìûå
íà÷àëüíî-êðàåâûå çàäà÷è äëÿ ñàìûõ ðàçëè÷íûõ íåëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-
íûìè, à âî-âòîðûõ, ïîòîìó, ÷òî òàêîå îïèñàíèå ðàñïðåäåëåííûõ óïðàâëÿåìûõ ñèñòåì àäåêâàòíî

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (êîä ïðîåêòà 07-01-00495) è àíàëèòè÷åñêîé öåëåâîé âåäîìñòâåííîé
ïðîãðàììû ¾Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêîëû (2009-2010 ãîäû)¿ Ìèíîáðíàóêè ÐÔ (ðåãèñòðàöèîííûé
�2.1.1/3927).

809



ISSN 1810-0198. Âåñòíèê ÒÃÓ, ò. 14, âûï. 4, 2009

ìíîãèì ïðîáëåìàì òåîðèè îïòèìèçàöèè (ñì., íàïðèìåð, [1-3] è êðàòêèé îáçîð [4]). Â ÷àñòíîñòè, â
[1-3] ïîñòðîåíà òåîðèÿ äîñòàòî÷íûõ óñëîâèé óñòîé÷èâîñòè ñóùåñòâîâàíèÿ ãëîáàëüíûõ ðåøåíèé
(ÓÑÃÐ) óðàâíåíèé âèäà (1) ïî âîçìóùåíèþ ôóíêöèè f , óïðàâëåíèÿ v è îïåðàòîðà A, äàíû ðàç-
íîîáðàçíûå ïðèìåðû ïðèìåíåíèÿ ïîëó÷åííûõ îáùèõ óñëîâèé òàêîé óñòîé÷èâîñòè â êîíêðåòíûõ
îïòèìèçàöèîííûõ çàäà÷àõ (ñì. [4]). Àíàëîãè÷íûì îáðàçîì â [2] ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ
ÓÑÃÐ äëÿ âîëüòåððîâûõ ôóíêöèîíàëüíûõ óðàâíåíèé 2-ãî ðîäà îáùåãî âèäà â ïðîñòðàíñòâå Lm∞.
Â [5] è äðóãèõ ðàáîòàõ àâòîðîâ äîêëàäà ñõåìà [1-3] ïîëó÷åíèÿ óñëîâèé ÓÑÃÐ ôóíêöèîíàëüíûõ
óðàâíåíèé áûëà ðàñïðîñòðàíåíà íà ñëó÷àé âîëüòåððîâûõ îïåðàòîðíûõ óðàâíåíèé âòîðîãî ðîäà
îáùåãî âèäà â áàíàõîâîì ïðîñòðàíñòâå. Â äîêëàäå äàåòñÿ îáçîð ïîëó÷åííûõ àâòîðàìè äîñòàòî÷-
íûõ óñëîâèé ÓÑÃÐ âîëüòåððîâûõ îïåðàòîðíûõ óðàâíåíèé, à òàêæå âîçìîæíîñòåé èõ êîíêðåòíîãî
ïðèìåíåíèÿ ê ðàçëè÷íûì óïðàâëÿåìûì êðàåâûì çàäà÷àì äëÿ íåëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè. Ñôîðìóëèðóåì òåîðåìó ÓÑÃÐ èç [5].

Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî, P(E) � ìíîæåñòâî âñåõ ïðîåêòîðîâ íà E, òî åñòü ëèíåéíûõ
îãðàíè÷åííûõ îïåðàòîðîâ P : E → E ñî ñâîéñòâîì PP = P (P(E) ïîëóóïîðÿäî÷åíî â ñìûñëå
îòíîøåíèÿ P1 ⊂ P2, îçíà÷àþùåãî P1P2 = P2P1 = P1; åñëè P1 ⊂ P2, òî (P2−P1) ∈ P(E)). Ïðîåêòîð
P íàçîâåì âîëüòåððîâûì ïðîåêòîðîì îïåðàòîðà F : E → E, åñëè PFP = PF. Âñå ìíîæåñòâî
âîëüòåððîâûõ ïðîåêòîðîâ F îáîçíà÷èì B(F ). Åñëè ñèñòåìà B(F ) íåòðèâèàëüíà, òî åñòü ñîñòîèò
íå òîëüêî èç íóëåâîãî P = 0 è åäèíè÷íîãî P = I îïåðàòîðîâ, òî F áóäåì íàçûâàòü âîëüòåððîâûì
îïåðàòîðîì (à òàêæå âîëüòåððîâûì îïåðàòîðîì íà ëþáîé íåòðèâèàëüíîé ïîäñèñòåìå B(F ) ). Åñëè
F : E → E âîëüòåððîâ, òî äëÿ óðàâíåíèÿ

z = F [z], z ∈ E (2)

ïðè ëþáîì P ∈ B(F ) åñòåñòâåííûì îáðàçîì îïðåäåëÿåòñÿ P -ëîêàëüíûé àíàëîã ïóòåì çàìåíû E
íà PE, à F íà PF , è, ñîîòâåòñòâåííî, � ïîíÿòèå P -ëîêàëüíîãî ðåøåíèÿ. Ïóñòü Ω � êëàññ òåõ
F : E → E, êàæäîìó èç êîòîðûõ îòâå÷àåò åäèíñòâåííîå â E (òî åñòü ãëîáàëüíîå) ðåøåíèå (2).

Âñÿêóþ êîíå÷íóþ ñèñòåìó ïðîåêòîðîâ T = {P0, P1, . . . , Pk} ⊂ B(F ) ñî ñâîéñòâàìè 0 = P0 ⊂
⊂ P1 ⊂ . . . ⊂ Pk = I íàçîâåì âîëüòåððîâîé öåïî÷êîé îïåðàòîðà F . Ââåäåì îáîçíà÷åíèÿ: P(α,β) �
ðàçíîñòü ïðîåêòîðîâ Pα−Pβ; äëÿ ïðîèçâîëüíîé ñèñòåìû < ⊂ P(E) ïîëîæèì |<| ≡ sup

{
‖P‖E→E :

P ∈ <
}
, <(−) ≡ {P(2,1) : P1, P2 ∈ <, P1 ⊂ P2}. Åñëè T = {P0, P1, . . . , Pk} � âîëüòåððîâà öåïî÷êà

F : E → E, à ôóíêöèÿ ϕ(.) : T (−) → R+ è ÷èñëî δ > 0 òàêîâû, ÷òî ϕ(P(i,i−1)) < δ ∀i ∈ 1, k, òî
öåïî÷êó T íàçîâåì âîëüòåððîâîé (ϕ, δ)-öåïî÷êîé îïåðàòîðà F.

Ïóñòü: N (.) : R+ → R+ � íåóáûâàþùàÿ ôóíêöèÿ; < ⊂ P(E) � îãðàíè÷åííîå ïî îïåðàòîðíîé
íîðìå ìíîæåñòâî, ïðè÷åì 0, I ∈ <; ϕ(.) : <(−) → R+ � ôóíêöèÿ. Îïåðàòîð F : E → E îòíåñåì ê
êëàññó F(N ,<, ϕ), åñëè < ⊂ B(F ), è äëÿ ëþáûõ P1, P2 ∈ <, P1 ⊂ P2, è ëþáûõ x, z, ∆z ∈ E èìååì:

∥∥∥∥P(2,1)

(
F

[
P1x + P(2,1)z

]− F
[
P1x + P(2,1)[z + ∆z]

])∥∥∥∥
E

6

6 ϕ(P(2,1)) · N
(

max
{
‖P1x‖E , ‖P(2,1)z‖E ,

∥∥P(2,1)[z + ∆z]
∥∥

E

})
· ∥∥P(2,1)[∆z]

∥∥
E
.

Îáîçíà÷èì ÷åðåç F(N ,<, ϕ) òó ÷àñòü F(N ,<, ϕ), êàæäûé ýëåìåíò F êîòîðîé ïðè ëþáîì δ > 0
îáëàäàåò ëåæàùåé â < âîëüòåððîâîé (ϕ, δ)-öåïî÷êîé. Åñëè F ∈ F(N ,<, ϕ), òî äëÿ ëþáîãî P ∈
∈ B(F ) óðàâíåíèå (2) íå ìîæåò èìåòü áîëåå îäíîãî P -ëîêàëüíîãî ðåøåíèÿ.

Ò å î ð å ì à. Ïóñòü F0 ∈ F(N ,<, ϕ0)∩Ω è z0 ∈ E � ãëîáàëüíîå ðåøåíèå (2) ïðè F = F0. Òîãäà
ïðè íåêîòîðîì δ > 0 äëÿ ëþáîé (ϕ0, δ)-öåïî÷êè T ≡ {P0, P1, . . . , Pk} ⊂ < îïåðàòîðà F0 íàéäóòñÿ
÷èñëà ε > 0, C > 0 òàêèå, ÷òî, åñëè õàðàêòåðèñòèêà ϕ îïåðàòîðíîãî êëàññà F(N ,<, ϕ) îáëàäàåò
ñâîéñòâîì ∣∣ϕ(P )− ϕ0(P )

∣∣ 6 ε ∀P ∈ <(−),
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òî êàæäûé îïåðàòîð F ∈ F(N ,<, ϕ), äëÿ êîòîðîãî
∥∥F [z0] − F0[z0]

∥∥
E

6 ε, ïðèíàäëåæèò Ω, à
ñîîòâåòñòâóþùåå ãëîáàëüíîå ðåøåíèå z ∈ E óðàâíåíèÿ (2) óäîâëåòâîðÿåò íåðàâåíñòâó ‖z −
− z0‖E 6 C

∥∥F [z0]− F0[z0]
∥∥

E
.
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Abstract: The authors give review of their theorems about the existence-stability conditions of global
solutions of Volterra operator equations; applications of these theorems to the nonlinear controllable initial
boundary value problems is discussed.
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